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Abstract. We discuss geodesic motion in the vacuum C metric using Bondi-
like spherical coordinates, with special attention to the role played by the
“equatorial plane.” We show that the spatial trajectory of photons on such a
hypersurface is formally the same of photons on the equatorial plane of the
Schwarzschild spacetime, apart from an energy shift involving the spacetime
acceleration parameter. Furthermore, we show that photons starting their motion
from this hypersurface with vanishing component of the momentum along θ,
remain confined on it, differently from the case of massive particles. This effect
is shown to have a counterpart also in the massless limit of the C metric, i.e.
in Minkowski spacetime. Finally, we give the explict map between Bondi-like
spherical coordinates and Fermi coordinates (up to the second order) for the
world line of an observer at rest at a fixed spatial point of the equatorial plane of
the C metric, a result which may be eventually useful to estimate both the mass
and the acceleration parameter of accelerated sources.
PACS number: 04.20.Cv
1. Vacuum C Metric
The vacuum C metric was first discovered by Levi-Civita [1] in 1918 within a class
of Petrov type D (degenerate) static vacuum metrics. However, over the years it has
been rediscovered many times: by Newman and Tamburino [2] in 1961, by Robinson
and Trautman [3] in 1961 and again by Ehlers and Kundt [4] —who called it the C
metric— in 1962. It is worth to mention that a charged and spinning extension of
the C metric exist: the former has been studied in detail by Kinnersley and Walker
[5, 6], the latter instead has been deeply investigated by Bicak, Pravda, Pravdova´,
Farhoosh and Zimmerman [7, 8, 9]. In general, the spacetime represented by the
C metric contains one or, via an extension, two uniformly accelerated particles as
explained in [6, 10] and a description of the geometric properties as well as the various
extensions of the C metric is contained in [11], which should be consulted for a more
complete list of references. The main property of the C metric is the existence of two
hypersurface-orthogonal Killing vectors, one of which is timelike (showing the static
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property of the metric) in the spacetime region of interest in this work, as indicated
below.
It is convenient to work with the Bondi-like spherical coordinate system x0 = u,
x1 = r, x2 = θ, x3 = φ, so that the C metric has the form
ds2 = −Hdu2 − 2dudr + 2Ar2s dudθ + r
2s2
G
dθ2 + r2Gdφ2, (1.1)
where G and H are given by
G(θ) = s2 − 2mAc3,
H(r, θ) = 1− 2m
r
−A2r2(s2 − 2mAc3)− 2Arc(1 + 3mAc) + 6mAc, (1.2)
and the simplified notation c ≡ cos θ and s ≡ sin θ has been introduced. The constants
M ≥ 0 and A ≥ 0 denote the mass and acceleration of the source, respectively. The
metric (1.1) is a nonlinear superposition of two metrics which are special cases, one
associated with the Schwarzschild black hole (the case A = 0) and the other flat
spacetime in uniformly accelerating coordinates (the case M = 0) [5, 6, 9]. Moreover,
the C metric as written is assumed to have signature +2 with F˜ > 0, G˜ > 0, which
limit the ranges of the nonignorable coordinates. To avoid a naked singularity, one
must restrict the two parameters by the condition MA < 1/(3
√
3) [9, 12, 13]. Units
here are choosen so that the speed of light is taken to be 1 and hence the previous
notation does not create any confusion.
The C metric has event horizons (which are also Killing horizons) given by
hypersurfaces of the form r = r(θ) that are solutions of H = 0, and can be determined
exactly [14]. To study the location of the horizons it is useful to introduce an
acceleration length scale based on A > 0 given by LA = 1/(3
√
3A), as well as the
quantities:
U = − 1√
3
cos
(
1
3
arccos
M
LA
)
, V =
1√
3
sin
(
1
3
arccos
M
LA
)
. (1.3)
It turns out that there is an inner horizon which is a deformation of the Schwarschild
one, located at
rS =
1
A
√
3V − U
[1 + (
√
3V − U)c] , (1.4)
and an outer horizon which is a deformation of the Rindler one, located at
rR =
1
A
2U
(1 + 2Uc)
, (1.5)
while the third real radial root of H = 0 corresponds to a negative value of r. In the
polar coordinate plane of the noningnorable coordinates (r, θ), depicted in terms of the
auxiliary Cartesian-like coordinatesX = r sin θ (horizontal), Z = r cos θ (vertical), the
accessible region of spacetime is shown as the unshaded region in Fig. 1 forMA = 0.1,
which satisfy the condition MA < 1/(3
√
3).
The C metric also admits a conformal Killing tensor [5, 6],
P = r2
(
Hdu2 + 2dudr − 2Asr2dudθ + r
2s2
G
dθ2 + r2Gdφ2
)
, (1.6)
symmetric and traceless, satisfying the equation P(αβ;γ)− 1/3g(αβP δγ);δ = 0 to which
a conserved quantity for null geodesics (with four momentum Pα)
Q =
1
2
Pαβ P
αP β , (1.7)
C metric: the equatorial plane and Fermi coordinates 3
H
G = 0
SH R
–10
–8
–6
–4
–2
0
2
4
6
8
10
Z
–8 –6 –4 –2 0 2 4 6 8 10
X
Figure 1. The accessible spacetime region (unshaded) in the polar coordinate
representation of the r-θ plane (θ measured from the upward vertical Z-axis) is
shown for MA = 0.1. The upper boundary curve HR represents the Rindler
horizon while the circle HS is the Schwarzschild horizon. The forbidded conical
region corresponds to negative values of the metric function G, i.e., to signature
changes which are not considered here.
is associated.
A natural family of observers in the C metric is represented by the (static) timelike
congruence of the coordinate time world lines. Let us denote the observer 4-velocity
by euˆ =
1
M ∂u, and use the lapse-shift notation for the metric components:
guu = −M2, gua =M2Ma, gab = γab +M2MaMb, (1.8)
where M is the laspe factor and Madx
a, a = 1, 2, 3 is the sfift 1-form field; the line
element (1.1) then takes the form
ds2 = −M2(du −Madxa)2 + γabdxadxb, (1.9)
where the functions M,Ma and γab are identified by using Eq. (1.1):
M =
√
H > 0, Mr = − 1
H
< 0, Mθ =
Ar2s
H
> 0, Mφ = 0,
γrr = 1/H, γθθ = r
2s2(1/G+A2r2/H), γrθ = −Ar2s/H, γφφ = r2G, (1.10)
and all the other metric components vanish. The dual of euˆ is denoted by ω
uˆ =
M(du−Mrdr −Mθdθ) and an orthonormal triad adapted to euˆ is given by
erˆ =
1
M
[− 1
Mr
∂r − ∂u], eθˆ =
1√
gθθ
[∂θ − Mθ
Mr
∂r], eφˆ =
1√
gφφ
∂φ, (1.11)
with dual
ωrˆ = −M(Mrdr +Mθdθ), ωθˆ = √gθθdθ, ωφˆ = √gφφdφ. (1.12)
When expressed in terms of this frame, the spacetime metric (1.1) can be written as
g = −ωuˆ ⊗ ωuˆ + ωrˆ ⊗ ωrˆ + ωθˆ ⊗ ωθˆ + ωφˆ ⊗ ωφˆ. (1.13)
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In this paper we present a novel study of the geodesic motion of photons on the
equatorial plane of the exterior vacuum C metric, i.e. a gravitational background of a
uniformly accelerated static black hole. It is well known, in fact, that these orbits can
be integrated (in general and not only on the equatorial plane), due to the existence
of the conformal Killing tensor (1.6).
We will show that the radial equation for equatorial motion can be put in
exact correspondence with the case of equatorial geodesic motion of photons in the
Schwarzschild background, a part from an energy shift of the form:
E0 (Schwarzschild) →
√
E20 +A
2L2z (Cmetric) (1.14)
which evidentiates a coupling between the background acceleration A and the
(conserved) angular momentum (Lz) of photons. Furthermore, photons starting their
motion from the equatorial plane (with zero component of momentum along θ: P θ = 0)
remain confined on it; the same property does not hold for massive particles which,
instead, are forced to escape from it due to effects of the background acceleration itself.
Inspecting the massless limit of the C metric, we will show that this effect actually
has its origin in Minkowski spacetime endowed with “Bondi coordinate system,” but
it is lost if the Schwarzschild solution is considered, i.e. in the zero acceleration limit
of the C metric.
We then discuss the possibility of experimentally identify the equatorial plane
itself. We will succeed in setting up a Fermi coordinate system for an observer O at
rest at a fixed spatial point of the equatorial plane, giving also the transformation
law between Bondi-like spherical coordinates and Fermi coordinates explicitly (up to
the second order). Finally, we suggest an experiment of light deflection as seen from
the lab of the observer O which can be used to estimate the background acceleration
parameter as well as the mass of the source. We argue that these results can be applied
to suitable astrophysical systems to set upper limits to a spacetime acceleration.
2. Geodesics in {u, r, θ, φ} coordinates
The geodesic equations in {u, r, θ, φ} coordinates are given by
u¨− Hr
2
u˙2 + 2Arsu˙θ˙ +
rs2
G
θ˙2 + rGφ˙2 = 0, (2.1)
φ¨+ φ˙
[
2
r
r˙ +
Gθ
G
θ˙
]
= 0, (2.2)
r¨ +
1
2
[
(H +A2r2G)Hr +
AG
s
Hθ
]
u˙2 −
[
r3A2s2 +
Ar2sGθ
2G
+
rs2H
G
]
θ˙2
−
[
r3A2G2 +
Ar2GGθ
2s
+ rGH
]
φ˙2 +
[
Hr + 2A
2rG
]
u˙r˙
+
[
Hθ − 2sAr(H +A2r2G)
]
u˙θ˙ = 0, (2.3)
θ¨ +
G
2r2s2
[
Ar2sHr +Hθ
]
u˙2 +
[
c−Ars2
s
− Gθ
2G
]
θ˙2 − G
2s2
[Gθ + 2GArs] φ˙
2
+
2GA
rs
u˙r˙ − 2A2rGu˙θ˙ + 2
r
r˙θ˙ = 0 , (2.4)
where a dot means differentiation with respect to an affine parameter λ along the
curve.
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By using the Killing symmetries of the metric one gets the conserved quantities:
the angular momentum Lz, associated to the Killing vector ∂φ, and the energy E0,
associated to the Killing vector ∂u
φ˙ =
Lz
r2G
, Hu˙+ r˙ − r2Asθ˙ = E0. (2.5)
Furthermore, one has to specify if the particles are massive or null, i.e. one has the
additional constraint
Hu˙2 − 2E0u˙+ r
2s2
G
θ˙2 +
L2z
r2G
= −µ2. (2.6)
For timelike (spacelike) geodesics, λ can be identified with the proper time (spacelike
curvilinear abscissa) and µ can be taken as 1 (i). Timelike geodesics has been
firstly discussed by Pravda and Pravdova´ [15], by using different coordinate systems
(symmetry-adapted coordinate systems and different from the present one too). They
constructed an effective potential, whose properties allowed them to distinguish three
different types of timelike geodesics, corresponding to particles (a) falling under the
black hole horizon, (b) crossing the acceleration horizon and reaching future infinity,
(c) spinning around the z-axis, co-accelerating with the black holes and then reaching
future infinity. In the (u, r, θ, φ) coordinate system the effective potential can be
introduced rewriting the mass constraint (2.6) as follows
(Hu˙− E0)2 + r
2s2H
G
θ˙2 = E20 − V 2(eff), (2.7)
with
V 2(eff) = H
(
L2z
r2G
+ µ2
)
. (2.8)
Null geodesics instead, have been all discussed by Kinnersley and Walker in 1970
[6]. Following their results, the vector P tangent to a null geodesic can be written as
follows
P =
1
H
[E0 +R(r, θ)]∂u − [R(r, θ) +AV (θ)]∂r − 1
r2s
V (θ)∂θ +
Lz
r2G
∂φ, (2.9)
where
R(r, θ) = ±
√
E20 −
QH
r2
, V (θ) = ±
√
QG− L2z. (2.10)
2.1. Equatorial orbits: θ = pi/2
Let us specialize our discussion to the equatorial plane (θ = pi/2), considering the
static spacetime portion lying in between the deformed Schwarzschild and Rindler
horizons, located at
rS =
−U +√3V
A
, rR =
2U
A
,
respectively (see Eqs. (1.4) and (1.5)). We denote the momentum of photons as
Pµ = dxµ/dλ. The geodesic equations in this case (θ(λ) = pi/2) reduce to
u¨− Hr
2
u˙2 + rφ˙2 = 0, φ¨+
2
r
φ˙r˙ = 0,
r¨ +
1
2
[
(H +A2r2)Hr +AHθ
]
u˙2 − r [H + r2A2] φ˙2 + [Hr + 2A2r] u˙r˙ = 0,
1
2r2
[
Ar2Hr +Hθ
]
u˙2 −Arφ˙2 + 2A
r
u˙r˙ = 0. (2.11)
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where we have used the θ → pi/2 limit of G, H and their derivatives
G = 1, Gθ = 0, H = 1− 2m
r
−A2r2, Hr = 2m
r2
−2rA2, Hθ = 2A(r−3m).(2.12)
The conserved quantities (2.5) and the mass constraint (2.6) become
φ˙ =
Lz
r2
, Hu˙+ r˙ = E0, Hu˙
2 − 2E0u˙+ L
2
z
r2
= −µ2. (2.13)
Eq. (2.11)2 is equivalent to Eq. (2.13)1. Eq. (2.11)3 can be rewritten as
r¨ + (H +A2r2)
[
1
2
Hru˙
2 − rφ˙2
]
+
AHθ
2
u˙2 +
[
Hr + 2A
2r
]
u˙r˙ = 0; (2.14)
using Eq. (2.11), one has
r¨ +
[
(H +A2r2)u¨+
(
Hr + 2A
2r
)
u˙r˙
]
+
AHθ
2
u˙2 = 0, (2.15)
that is
d
dλ
[
r˙ + (H +A2r2)u˙
]
+
AHθ
2
u˙2 = 0. (2.16)
Using the Killing constraint (2.13)2 the latter equation becomes
A
[
2rr˙u˙+ r2u¨
]
+
Hθ
2
u˙2 = 0. (2.17)
Replacing r˙ using again the Killing constraint (2.13)2 and u¨ using Eq. (2.11), we find
2rAE0u˙− rAHu˙2 − AL
2
z
r
= 0 (2.18)
which can be compatible only with photons: µ = 0, as it follows by direct comparison
with Eq. (2.13)3. Hence, the first important result that on the equatorial plane of
the C metric only photons can be geodesic. Massive particles on this plane should
necessary be accelerated.
Using the relation (Ar2Hr +Hθ) = 2ArH , Eq. (2.11)4 can be rewritten as
Hu˙2 − r2φ˙2 + 2u˙r˙ = 0, (2.19)
which again coincides with Eq. (2.13)3 with µ = 0.
Summarizing, the motion of geodesic photons on the equatorial plane of the C
metric (θ = pi/2) is described by
u˙ =
1
H
[E0 − r˙] , φ˙ = Lz
r2
,
r˙ = ±
(
E20 −
HL2z
r2
)1/2
= ±
[
E20 +A
2L2z −
L2z
r2
(
1− 2m
r
)]1/2
, (2.20)
in agreement with the solution of general null geodesic motion as described by
Kinnersly and Walker (and above rederived in Eq. (2.9)).
Finally, it is convenient to rewrite the radial equation in terms of the impact
parameter b = Lz/E0 and an effective potential, so that(
dr
dλ
)
= ±L2z
[
1
b2
− V 2(eff)
]1/2
, V 2(eff) =
1
r2
(
1− 2m
r
)
−A2 ≡ H
r2
. (2.21)
The effective potential coincides with that of Schwarzschild modulo a costant shift,
−A2. Therefore, as in Schwarzschild the potential is peaked at r = 3m with a value
V(eff)(3m)
2 =
1
27m2
−A2 .
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It is worth noticing that the radial equation (2.20)2 can be put itself in exact
correspondence with the analogous radial equation for null geodesics of the equatorial
plane of the Schwarzschild solution, by defining
1
b2S
=
1
b2
+A2 → bS = b√
1 +A2b2
. (2.22)
Hence, as all possible kind of equatorial null geodesics in the Schwarzschild spacetime
have been completely determined in terms of elliptic function [16], this problem here
is also completely solved. In fact, let us consider the orbit as parametrized by φ, i.e.(
dr
dφ
)2
= r4
[
1
b2S
− 1
r2
(
1− 2m
r
)]
, (2.23)
and introduce the new variable: v(φ) = 2m/r(φ). Eq. (2.23) thus becomes(
dv
dφ
)2
=
[
Ω2 − v2 (1− v)] , Ω = 2m
bS
=
2mb√
1 +A2b2
, (2.24)
and the solutions of this equation have been fully studied in [16] where all the details
can be found.
2.2. The equatorial plane in the massless (flat) limit of the C metric
In the case m = 0 the C metric reduces to the Minkowski spacetime in Bondi
coordinates
ds2 = −[(1−Arc)2 −A2r2]du2 − 2dudr + 2Ar2s dudθ + r2dθ2 + r2s2dφ2. (2.25)
The map between Bondi and cartesian coordinates is easily obtained passing first to
Rindler coordinates. In detail, start from the form of the metric in standard cartesian
coordinates t, x, y, z
ds2 = −dt2 + dx2 + dy2 + dz2 ≡ ηµνdxµdxν .
Pass to Rindler coordinates T,X, Y, Z using the map
t =
(
1
A
− Z
)
sinh(AT ),
x = X,
y = Y,
z = −
(
1
A
− Z
)
cosh(AT ), (2.26)
so that the metric has the Rindler form
ds2 = −(1−AZ)2dT 2 + dX2 + dY 2 + dZ2 , (2.27)
with the limitations X ∈ (−∞,+∞), Y ∈ (−∞,+∞), Z ∈ (−∞,+1/A). Finally pass
to Bondi coordinates u, r, θ, φ with
T = − u+ 1
2A
ln
[
1−Ar(1 + cos θ)
1 +Ar(1 − cos θ)
]
,
X = r sin θ cosφ,
Y = r sin θ sinφ,
Z =
1
A
−
√(
1
A
− r cos θ
)2
− r2, (2.28)
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which brings the metric (2.27) in the Bondi form (2.25). The usual interpretation of
r as a radial coordinate gives the limitation
r <
1
A(1 + c)
; (2.29)
For the other coordinates instead the limitations are the usual: u ∈ (−∞,∞),
θ ∈ (0, pi), φ ∈ (0, 2pi).
We are now ready to determine the shape of the hypersurface θ = pi/2, once
represented in cartesian coordinates as well as to study geodesics confined on this
surface, having in mind what happens in the case of the C metric. It results
cot θ =
A
2
√
x2 + y2
(
1
A2
+ t2 − x2 − y2 − z2
)
; (2.30)
hence θ = pi/2 corresponds to the hyperboloid:
1
A2
+ t2 − x2 − y2 − z2 = 0. (2.31)
Moreover, the geodesics for Minkowski spacetime in cartesian coordinates are straight
lines:
t = t0 + λE0, x = x0 + λPx, y = y0 + λPy , z = z0 + λPz . (2.32)
In order to remain confined on the hyperboloid (2.31), corresponding to θ = pi/2, the
equation
1
A2
+ (t0 + λE0)
2 − (x0 + λPx)2 − (y0 + λPy)2 − (z0 + λPz)2 = 0 (2.33)
must be satisfyied for any λ. This gives the following relations:
1
A2
+ t20 − x20 − y20 − z20 = 0,
E20 = P
2
x + P
2
y + P
2
z ,
t0E0 − x0Px − y0Py − z0Pz = 0. (2.34)
The interpretation is easy: 1) the starting point P0 = (t0, x0, y0, z0) must belong to
the hyperboloid itself. Hence the parametrization
t0 =
1
A
sinhψ1, x0 =
1
A
coshψ1 sinψ2 cosψ3,
y0 =
1
A
coshψ1 sinψ2 sinψ3, z0 =
1
A
coshψ1 cosψ2,
can be useful; 2) the geodesics must be null; 3) the momentum must be orthogonal to
the normal to the hyperboloid in the point P0, i.e. tangent to the hyperboloid. As all
the null vectors emanating from P0 generate a null cone, geodesics on the equatorial
plane are defined by those null vectors obtained intersecting the null cone and the
hyperboloid itself. Explicitly, one rewrites the spatial components of the momentum
as follows
Px = E0 sinα cosβ, Py = E0 sinα sinβ, Pz = E0 cosα
and looks for the solutions α and β of the equation:
t0 − sinα(x0 cosβ − y0 sinβ)− z0 cosα = 0, (2.35)
which are in general ∞1. It is worth to note that when studying instead the
Schwarzschild limit of the C metric (A = 0), both photons and massive particles
can be confined on the equatorial plane θ = pi/2. The equatorial plane of the C metric
seems thus to inherit the corresponding property of Minkowski spacetime in Bondi
coordinates.
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3. “Lab” on the equatorial plane of the C metric: Fermi coordinates
In the previous section we have shown that a peculiar role is played by the equatorial
plane of the C metric for what concerns photons. We have also mentioned that this
property still survives for the equatorial plane of the Minkowski solution written in
Bondi coordinates (the massless limit of the C metric) but it is lost for the zero
acceleration limit of the C metric (i.e. the Schwarzschild solution): here, in fact,
condition (2.18), being proportional to A, is automatically satisfied for A = 0 and it
does not give restrictions to the mass of the particles.
Therefore, it is quite natural to study the possibility to put an observer with his
own “Lab” on the equatorial plane of the C metric and consider the “observer proper
frame”, naturally defined in terms of Fermi coordinates adapted to his world line.
The coordinate transformation from the Bondi-like spherical coordinates
{u, r, θ, φ} to the Fermi coordinates {T,X, Y, Z} adapted to euˆ can be obtained
following the procedure described in [17]:
u = u0 +
1√
H0
(T −X) + AXY√
H0
+
1
2r0
[(
1− r0 − 3m
r0H0
)
X2 − Y 2 − Z2
]
,
r = r0 +
√
H0X +Ar0Y +
m
2r20
X2 +
r0 − 2m
2r20
(Y 2 + Z2),
θ =
pi
2
+
Y
r0
(
1−
√
H0
r0
X
)
+
A
2r0
(X2 − Y 2 + Z2),
φ = φ0 +
Z
r0
(
1−AY −
√
H0
r0
X
)
, (3.1)
where H0 = 1 − 2m/r0 − A2r20 . This coordinate transformation maps the Bondi-like
form (1.1) of the C metric into the (flat) “Rindler” form, up to the second order in
the coordinates T,X, Y, Z:
ds2 = −(1− 2G1X − 2G2Y ) dT 2 + dX2 + dY 2 + dZ2 +O(3), (3.2)
with
G1 = −
√
H0
r0
+
r0 − 3m
r20
√
H0
, G2 = −A, (3.3)
the coordinate components of the observer’s acceleration. To give a geometrical
interpretation of Eq. (3.1), we find convenient to introduce the following linear
combinations:
∆u =M(u− u0)−MMr(r − r0)−MMθ(θ − θ0),
∆r = −MMr(r − r0)−MMθ(θ − θ0),
∆θ =
√
gθθ(θ − θ0),
∆φ =
√
gφφ(φ− φ0), (3.4)
so that
∆u = T + κ(r, euˆ)
rˆX2 + 2AXY − κ˜(θ, euˆ)θˆY 2,
∆r = X +AXY +
1
2
κ(r, euˆ)
rˆX2 − 1
2
κ(φ, euˆ)
rˆ(Y 2 + Z2),
∆θ = Y +
A
2
(X2 − Y 2 + Z2) + κ(φ, euˆ)rˆXY,
∆φ = Z −AY Z + κ(φ, euˆ)rˆXZ, (3.5)
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where we have introduced the curvatures associated to the coordinate lines:
κ(xa, euˆ)cˆ = −ecˆ ln√γaa:
κ(r, euˆ)
rˆ =
m−A2r30
r20
√
H0
, κ(r, euˆ)
θˆ = A,
κ(θ, euˆ)
rˆ = − (r0 − 2m)
2 −mA2r30
r20(r0 − 2m)
√
H0
, κ(θ, euˆ)
θˆ = −A,
κ(φ, euˆ)
rˆ = −
√
H0
r0
, κ(φ, euˆ)
θˆ = −A, (3.6)
together with another useful quantity
κ˜(θ, euˆ)
θˆ ≡ − 1
r0
eθˆ(MMθ) = −
A2r0√
H0
, (3.7)
which seems to play the same role as a curvature. The two limits m = 0 and A = 0
of these relations immediately follow.
In the new form (3.2) of the C metric the solution for the geodesic equations is
T (λ) = Cλ2(G1X1 +G2Y1) + Cλ(1 + 2G1X0 + 2G2Y0) + T0 ,
X(λ) =
C2G1
2
λ2 +X1λ+X0 ,
Y (λ) =
C2G2
2
λ2 + Y1λ+ Y0,
Z(λ) = Z1λ+ Z0, (3.8)
where C =
√
(µ2 +X21 + Y
2
1 + Z
2
1)(1 − 2G1X0 − 2G2Y0), and µ = 0 for photons
(µ = 1 for massive particles if proper time parametrization of the orbits is chosen).
Let us confine our attention to the motion in the X − Y plane (Z0 = 0 = Z1) of
a particle emitted at the origin (X0 = 0 = Y0). By eliminating the affine parameter
from Eqs. (3.8)2 and (3.8)4, i.e.
λ =
G1X −G2Y
G1X1 −G2Y1 , (3.9)
and then substituting for instance into Eq. (3.8)3, we obtain the following implicit
form for the parametric equation of the trajectory:
0 =
G1X −G2Y
G1X1 −G2Y1
[
G1X −G2Y
G1X1 −G2Y1
C2G1
2
+ Y1
]
− Y . (3.10)
The vertical deflection of a particle horizontally emitted (Y1 = 0) at the origin is given
by the coordinate
Y =
C2
2X21
G1(δX)
2 , C2 = µ2 +X21 , (3.11)
where δX denotes a small displacement along the horizontal direction. From the
previous equation, the light deflection turns out to be
Y =
1
2
G1(δX)
2 , (3.12)
as expected. Analogously, the horizontal deflection of a particle vertically emitted
(X1 = 0) at the origin is given by the coordinate
X =
C2
2Y 21
G2(δY )
2 , C2 = µ2 + Y 21 , (3.13)
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where δY denotes a small displacement along the vertical direction; the corresponding
light deflection is
X =
1
2
G2(δY )
2 . (3.14)
Being G2 = −A, it is clear that experiments of light deflection in labs, placed on the
equatorial plane of a C metric solution, may be useful to determine the background
acceleration parameter A. Moreover, the combined measurements of vertical and
horizontal deflections would allow in principle to estimate both the mass and the
acceleration parameters of the source. However, the effective feasibility of such
experiments is beyond the scope of the present paper.
4. Concluding remarks
We have presented a novel discussion of geodesics in the vacuum Cmetric, using Bondi-
like spherical coordinates, which evidentiates a special role played by the equatorial
plane. We have first shown that the exact integrability of photon orbits lying (with
their spatial trajectory) on the equatorial plane can be put in exact correspondence
with the analogous orbit of photons on the equatorial plane of the Schwarzschild
spacetime, apart from an energy shift involving the spacetime acceleration parameter.
Furthermore, we have shown that photons starting their motion from this hypersurface
and with initial momentum contained in the tangent hyperplane, remain confined on
it, whereas the same is not true for massive particles.
Finally, we have given the explict map between Bondi-like spherical coordinates
and Fermi coordinates (up to the second order) for the world line of an observer at rest
at a fixed spatial point of the equatorial plane of the C metric, possibly a building-block
for the construction of any lab and measurement process. We have then suggested
a possible procedure to estimate both the mass and acceleration parameters of the
background source by measuring light deflection. We expect that these results might
be applied to accelerated sources of astrophysical interest.
References
[1] Levi-Civita T 1918 Rend. Accad. Naz. Lincei 27 343
[2] Newman E and Tamburino L 1961 J. Math. Phys. 2 667
[3] Robinson I and Trautman A 1962 Proc. Roy. Soc. (London) A265 463
[4] Ehlers J and Kundt W 1962 in Gravitation: An Introduction to Current Research, ed. L. Witten,
Wiley, New York
[5] Kinnersley W 1969 Phys. Rev. 186 1335
[6] Kinnersley W and Walker M 1970 Phys. Rev. D 2 1359
[7] Bicak J and Pravda V 1999 Phys. Rev. D 60 044004
[8] Pravda V and Pravdova´ A 2002 On the spinning C-metric, Gravitation: Following the Prague
Inspiration (Selected essays in honour of J. Bicak), Eds. O. Semerak, J. Podolsky and M.
Zofka, World Scientific, Singapore. E-print: gr-qc/0201025.
[9] Farhoosh H and Zimmerman L 1980 Phys. Rev. D 21 317
[10] Bonnor W B 1983 Gen. Rel. Grav. 15 535
[11] Stephani H Kramer D MacCallum M A H Hoenselaers C and Herlt E 2003 Exact Solutions of
Einstein’s Theory, Cambridge Univ. Press, Cambridge, second edition
[12] Pravda V and Pravdova´ A 2000 Czech. J. Phys. 50 333
[13] Podolsky´ J and Griffiths J B 2001 Gen. Rel. Grav. 33 59
[14] Bini D Cherubini C and Mashhoon B 2004 Phys. Rev. D 70 044020
[15] Pravda V and Pravdova´ A 2001 Class. Quantum Grav. 18 1205
[16] Chandrasekhar S 1982 The Mathematical Theory of Black Holes, Oxford University Press
[17] Bini D, Geralico A and Jantzen R T 2005 Class. Quantum Grav. 22 4729
